Abstract-This paper is concerned with the robust H 2 tracking control problem for the yaw control of a small-scaled helicopter with time-varying uncertainty. The proposed controller incorporates an adaptation mechanism, which improves the performance of system compared with conventional robust controller with a fixed gain. Simulation results of the yaw control of a small-scaled helicopter mounted on an experiment platform have demonstrated the theoretic results.
I. INTRODUCTION
here has been recently a significant growth in the use of unmanned aerial vehicles (UAVs) for military and civil applications. This has led to substantial research on a variety of UAVs. Rotorcraft-based UAVs (RUAVs) are extremely useful tools for remote exploration of the interior of buildings, chimneys, tunnels, caves, and places that are inaccessible to humans, or unfit for human presence. Over the last three decades, considerable attention has been paid to analysis and synthesis of helicopter control systems [1] [2] [3] .
Helicopter flight control system design has been dominated by linear control techniques. The last decade has witnessed remarkable progress in small-scale helicopter control [4] [5] [6] based on fixed models. Helicopter dynamics is highly nonlinear, coupled with the uncertainties associated with varying environment and changing flight conditions. Developing a controller to adequately compensate for the time varying uncertainties has been a difficult task. Some reported research has been focused on quadratic stabilizing control [7] [8] [9] . The H 2 norm is an appealing measure of input-output amplification, since it quantifies the variance amplification of stochastically driven linear systems. Robust H 2 control is to design a feedback controller such that the closed-loop system is stable and the upper bound of H 2 norm is minimized. Whereas traditional robust H 2 control with a fixed gain may be over-conservative, the critical problem of robustness to uncertainty moves to the forefront of key practical issues that need to be addressed.
On the other hand, adaptive control [10] has been long developed as a control design methodology for system with uncertainties. A typical adaptive control technique is of the parameter adaptive type, in which unknown parameters are estimated explicitly, and control parameters are determined based on these estimates. To take advantages of both robust and adaptive control techniques, it is worthwhile to incorporate some kind of adaptation mechanism into robust control methods.
Recently, linear matrix inequalities (LMI) techniques have become essential tools for the analysis and synthesis of control systems, and more specifically in the area of robust control [11] [12] [13] . In [14] , an LMI formulation is presented that addressed the need for adding robustness to a helicopter controller.
In this paper, an adaptive robust tracking controller is proposed to reduce conservatism inherent in a robust control method with a fixed gain and to improve transient behavior in time-response. It is assumed that both system matrix A and input matrix have time-varying parametric model uncertainty. It belongs to an ellipsoidal set, which often appears in the results of set-membership identification in practical systems [15] . LMI approach in conjugation with robust H B 2 technique is used to control the linear yaw model of helicopter with consideration of the time-varying ellipsoidal uncertainty.
II. DYNAMIC YAW MODEL OF SMALL-SCALE HELICOPTER
In this paper a dynamic model for the helicopter-platform as shown in Fig. 1 is set up using rigid body equations of motion of the helicopter fuselage. In hovering and low-velocity flight, the torque generated by the main rotor and force generated by the tail rotor are dominant [16] . By simplifying the fuselage and vertical fin damping, the yaw dynamics can be formulated as:
where ϕ is the yaw angle of the helicopter, r is the yaw velocity, is the torque of main rotor, is the thrust of tail rotor, is the distance between the tail rotor and z-axis, and are coefficients. and are highly nonlinear [16] and difficult to use directly for control design. Instead of the dynamics described by 
where are coefficients, and is the speed of the main rotor. 
III. ADAPTIVE ROBUST CONTROLLER DESIGN
In this section, an adaptive robust controller design method is given based on a linear model with time-varying affine uncertainty. Then the proposed control method is applied to the yaw dynamics of helicopter.
A. Preliminaries and Problem Formulation
Consider the following general linear model with affine uncertainty
where is the state, is the control input ,
∈ is the output and is an exogenous disturbance. The system matrices have the following time-varying structure are known constant matrices. The time-varying parameter vector represents unknown parameters which belong to the N-dimensional ellipsoidal set expressed as
where represents the size of the ellipsoid.
N N R × Σ ∈ The ellipsoidal set can be obtained using the setmembership identification method, which is an identification technique that uses a priori assumptions about a parametric model to constrain the solutions to certain sets [19] . In this approach, uncertainty is described by means of an additive noise which is only known to have known bounds. The motivation for this approach is that, in many practical cases, the unknown but bounded (UBB) description is more realistic and less demanding than a statistical description [19] .
It is well known that an integral control can effectively eliminate steady state tracking error. In order to obtain a robust tracking controller with state feedback plus integral control, the following augmented state-space description is introduced.
where
where C and D are constant weighting matrices that can be adjusted to achieve satisfactory response. Here, the energy to peak, which is known as the generalized 2 H performance [19] , is used to characterize the closed-loop performance. Let 
From [19] , when z is a scalar signal, the generalized 2 H -norm reduces to the familiar H 2 -norm of
Now the design problem can be reduced to finding a robust control such that the augmented closed-loop system is stable for all .
Before proceeding further, we introduce the following lemma, which is essential for the development of our method.
Lemma 1 [17] : Consider a scalar quadratic function of
and assume that ( ) f i is multiconvex, that is 
B. Target Model and Parameter Adjustment Law
Next, we introduce a target model with adjustable parameters which are determined so as to ensure stability of the error system between the state trajectory of the plant and that of the target model. Then a controller for the target model is designed. Consequently, an adaptive robust controller is established.
In order to obtain on-line information on the parameter uncertainty, the following target model is defined:
where denotes the adjustable parameter vector, and let the matrices (7) and (12) (8) and (13) we can get ( ( ) ) z C DF e θ = + (17) Here, for the error system (16) and (17), we determine the parameter vector and the gain matrix so as to ensure stability and an L 
Theorem 1:
The error system defined by (16) and (17) 
for all ( ), ( ) t t θ θ ∈ Δ where * denotes the symmetric part , and
is determined according to the adjustment law
where and the initial guess of , denoted by , is chosen to be on the boundary surface of the ellipsoidal set . 
Then from the derivative of V along the error system (16) and (17), 
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Now the design condition is reduced to ( ) ( ) 0 
C. Adjustable Controller Design for Target Model
Since the parameter is available on-line, we will establish in a state feedback form with a parameter-dependent gain
Substituting (26) and (27) into (12) results in the close-loop form ˆˆ(
are symmetric positive semi-definite and is symmetric positive definite. 
Moreover, the upper bound of the cost function (29) with respect to ˆ( ) t θ ∈ Δ is given as
Proof: Define the following Lyapunov function candidate
If (30) and (31) 
F , can be obtained by using Theorem 1 and Theorem 2.
The overall system is guaranteed to be stable because both the target model and error system have been stabilized.
IV. HELICOPTER CONTROL DESIGN AND SIMULATIONS
The proposed control algorithm is applied to the model obtained for the helicopter-on-arm platform, as shown in Fig.  1 . A small-scale electrical helicopter is mounted at the end of a 3-DOF arm, while the weight of the helicopter is balanced at the other side of the arm. First, the parameters of the nonlinear yaw dynamic model are identified as follows: 
with k 1 = -1.38, k 2 = 63.09, k 3 = 11.65, k 4 = -0.14 k 5 = -3.33, .System 1200 Ω = (33) is linearized and the system matrices are as follows:
The unknown parameter uncertainty is assumed to vary within an ellipsoidal set expressed as
We choose the controlled output matrices as 2 0 0
In the following simulations, the initial conditions are: We have also implemented the fixed gain robust control [13] with K f = [4.30 -12.69 -7.17] on yaw dynamic of the helicopter for comparison purpose. Fig. 2 and Fig. 3 show the yaw and yaw velocity behavior with the above-mentioned two controllers, respectively. It is easy to see that the closed-loop nonlinear system is stable and has zero steady-state error even in presence of disturbance with the proposed adaptive robust H 2 controller. Also, the proposed adaptive method improves the transient behavior compared to that of the robust state feedback control with fixed gain.
It is noted that the proposed robust controller design method can improve the system performance in the presence of disturbance and time-varying uncertainty.
V. CONCLUSIONS
In this paper, a new robust H 2 tracking controller with an adaptation mechanism is proposed for the yaw control of a FrB11.1 small-scale helicopter. Time-varying ellipsoidal uncertainty is considered, which can be obtained using set-membership identification. Conservatism inherent in a robust control with a fixed gain can be reduced by adding an adaptive mechanism. Simulation results of a small-scale helicopter mounted on an experiment platform show the effectiveness of the proposed method. 
